A mathematical dynamic model is derived for compliant, constant-force compression-mechanisms, based on the pseudo-rigid-body model simplification of the device. The compliant constant-force compression mechanism (CFCM) is a slider mechanism incorporating large-deflection beams, which outputs near-constant-force across the range of its designed deflection. The equation of motion is successfully calibrated with empirical data from five separate mechanisms, comprising two basic configurations of CFCMs. The dynamic equation is derived from a generalized pseudo-rigid-body model. This allows every configuration to be represented by the same model, so a separate treatment is not required for each configuration.
Because the elastic deflections are large enough to be in the nonlinear range, the dynamic analysis can be quite complicated. Ideally, a simple method for obtaining a viable closed-form dynamic model would be desirable. Because the constant-force mechanism was discovered through application of the pseudo-rigid-body model [1] , it follows that the same model might be used to adequately describe its dynamics.
The primary objective of this paper is to model the dynamic behavior of compliant constant-force compression mechanisms, and secondly to further evaluate the validity of the pseudo-rigid-body model as a dynamic modeling tool.
The pseudo-rigid-body model (PRBM) approximates the nonlinear deflection and force characteristics of a compliant mechanism's flexible members by assigning them appropriate torsional spring and rigid-link counterparts. The power of the PRBM is its ability to convert a difficult-to-analyze compliant mechanism into a familiar rigid-body mechanism which can be analyzed using traditional kinematic approaches. Though the PRBM has been shown to be valid for the static analysis and design of compliant mechanisms [2] [3] [4] , very little research has been performed to explore its usefulness in dynamic analyses. If the model can be shown to accurately approximate the dynamic response of compliant mechanisms, then its usefulness will be extended further. The nature of the PRBM will not allow the static model to capture the higher eigenmodes for high driving frequencies. However, the ability to model compliant mechanisms in frequency ranges of interest using kinematic models (from the PRBM), provides valuable insight into the behavior of the devices that is not available from finite element models. This insight is critical for analysis and making engineering decisions for improving device performance.
The paper first presents a brief background on some key topics, and reviews literature related to the dynamic modeling of mechanisms. A dynamic model for CFCMs is then developed. The model is then calibrated and validated from testing. Findings from the modeling and testing are discussed followed by conclusions from this research.
Background
Compliant mechanisms are mechanisms that obtain some or all of their motion through the deflection of flexible members. Historically, the most common method of designing compliant mechanisms has been trial and error. However, the conception of the pseudo-rigid-body modeling technique and other approaches has successfully opened the way for simple design and analysis of many compliant mechanisms [2] . Topological optimization methods have also been developed to successfully design compliant mechanisms [5] [6] [7] [8] .
Constant-force mechanisms are useful in applications requiring a constant force to be applied to a time-varying or non-uniform surface, such as grinding, swiping, deburing, welding, and assembly [9] . They may also be used to maintain constant force between electrical connectors [10] regardless of part variations; as gripping devices to hold delicate parts of varying size; for wear testing, where a constant force must be applied to a surface even as the surface is worn; in manufacturing processes that involve tool diameter changes such as grinding or honing; or as safety valves to maintain a system at constant pressure when power is lost. In these and other applications, the constant-force mechanism eliminates the need for more complex force control, replacing it with a simple mechanical device.
Compliant constant-force mechanisms are essentially compliant slider mechanisms with flexible and rigid segment dimensions optimized to minimize the variation in the output force over a designed range of displacement. A typical configuration of a mechanism is depicted in Figure 1 . Given an input displacement , this mechanism will yield the same force over the full range of its designed deflection, plus or minus a small variation.
Twenty-eight configurations of the compliant constant-force mechanism have been identified by type synthesis techniques [11] . The mechanism configurations studied in this research were selected because of their large range of motion and manufacturability.
The PRBM has been used almost exclusively for design and modeling of products where the elastic deflections are in the nonlinear range, but dynamic effects are not a large factor in mechanism performance. The fact that the PRBM has a proven track record as a reliable predictor of static behavior for compliant mechanisms [3] [4] begs the question of how well it would account for dynamic effects. This paper is a step in addressing this question by investigating the dynamic behavior of a particular type of compliant mechanism that could be used in dynamic loading situations. [20] and extended bond graph formulation [21] , to the use of flexible multibody dynamics methods [22] . Another approach to dynamic modeling is the work of Pascal and Gagarina [23] , who discretized flexible components by a RayleighRitz procedure, and then numerically simulated the dynamic response using dynamical codes devoted to rigid multibody systems. Similar work was performed by Petroka and Chang [24] , Darcovich [25] , and Zakhariev [26] .
Lyon et al. [27] used the PRBM in conjunction with Lagrange's method to develop linear ordinary differential equations that successfully described compliant parallel-guiding mechanisms. It is the only work to date that investigates the possibility of using the PRBM to predict the dynamic response of compliant mechanisms.
Jenuwine and Midha [28] developed an exact constant-force mechanism model incorporating linear springs and rigid links. The compliant constant-force slider mechanism configurations, inspired by this original rigid-body device, came about through topological synthesis [1] . Millar et al. [3] presented a detailed development of compliant constant-force mechanism theory, with static validation of three configurations.
Dynamic Model
This section presents the derivation of a closed-form dynamic model for a constant-force mechanism configuration listed as "Class 1A-d," in Howell, [2] and shown in Figure 1 . The configuration modeled consists of a rigid link pinned to ground and to a long flexible segment rigidly connected to a slider. This configuration was chosen for its ease of ∆x F manufacturability, and because it has been used in applications such as a robotic end-effector [9] . First, the compliant mechanism is modeled as a rigid-body mechanism with lumped compliance using the pseudo-rigid-body model. Converting the mechanism to its rigid-body counterpart greatly simplifies kinematic and dynamic analysis by allowing the use of rigidbody modeling techniques. Lagrange's method is then used to obtain an equation of motion for the mechanism. The constantforce mechanism has only one degree of freedom, so only one generalized coordinate and one instance of Lagrange's equation are required. The choice of including non-conservative forces in the generalized force is explained, as well as the assumptions made in the model.
The Pseudo-Rigid-Body Model
The PRBM for the constant-force spring configuration Class 1A-d, is shown in Figure 2 . The mechanism is converted to its rigid-body counterpart by using the PRBM for a cantilever beam with a force at the free end, as described below.
The flexible segment of length is replaced by two rigid links, links 3 and 6, with lengths and . Link 3's length is determined by the relation for the pseudo-rigid-body link's characteristic radius,
where is the characteristic radius factor. The length of link 6 is then
The compliance of the flexible segment is represented by a torsional spring at the new pin (called the characteristic pivot) joining links 3 and 6. The torsional spring constant for a cantilever beam with a force at the free end is given by (3) where is the stiffness coefficient (a nondimensionalized torsional spring constant), is the modulus of elasticity of the flexible segment, and is the moment of inertia of the flexible segment.
The average values of ( ) and ( ) over a wide range of loading conditions are used. For a more accurate that changes with deflection of the flexible segment, and can be expressed as functions of end-load angle.
Formulating the Lagrangian
As shown in Figure 3 , is selected as the generalized coordinate, corresponding to a generalized force to simplify the derivation. Note that because is an angle, its corresponding generalized force, , has units of moment.
The Lagrangian is formed by taking the difference of the scalar quantities of kinetic energy T and potential energy
One way to formulate is to separate the motion of the mechanism inertias into both translation and rotation, as illustrated in Figure 4 . The center of mass of each link translates along a predefined path as the mechanism moves, and each link rotates about its center of mass. The mass of link 6 can be lumped together with the mass of the slider since both travel along a linear path and neither rotates:
The first three terms of the kinetic energy expression represent the translational energy of the system, and the last two represent the rotational energy: (6) where is the mass, is the velocity of the center of mass, is the mass moment of inertia, and is the angular velocity of links 2 and 3; is the velocity of the slider. The mass moments of inertia of links 2 and 3 are 
Assuming the mechanism lies in a plane perpendicular to gravity, the potential energy of the system is simply the torsional spring energy
The Lagrangian must be expressed in terms of the generalized coordinate θ 2 and its time derivative before forming Lagrange's equation. The following equations recast the variables in T and V in terms of θ 2 and :
(13) 
It is also useful to express x b as a function of θ 2 : (15) where (16) Lagrange's Equation Using Lagrange's formulation, the equation of motion for the system is expressed as (17) When the derivatives of the Lagrangian are expanded out, the equation of motion for the system becomes (18) where
The generalized force consists of a moment due directly to the force F b acting on the slider , a torque due to Coulomb pin friction τ C , and a term to compensate for unmodeled torque in the mechanism τ um :
The addition of the static terms τ C and τ um to the dynamic model is discussed below.
Though more elaborate expressions for the Coulomb friction term τ C are possible, the following simple relation provides a good approximation:
Multiplying by θ 2 is based on the idea that the classical Coulomb friction coefficient is likely to be proportional to the angle θ 2, because the reaction force at the joint increases as θ 2 increases.
The values of the Coulomb friction coefficient C and the unmodeled torque τ um are chosen using experimental data from static tests, as described later.
Finally, to transform from the torque to the mechanism's output force F b , we use the expression (22) where (23)
Determining Coulomb Friction and Unmodeled Torque
The Coulomb friction coefficient C and the unmodeled torque τ um are chosen using empirical data from a static test [29] of a constant-force mechanism as shown in Figure 5 . The modeled force with is calculated directly from the input position x b , a gradual ramp first in compression then expansion. The dynamic model equations (18) - (23) are used to calculate the predicted force.
Clearly, without consideration for the static terms τ C and τ um , the modeled force does not correlate well with the measured force. To correct this, values for C and τ um which draw the predicted force into better agreement with the measured force can be chosen empirically by performing a least-squares fit. Figure 6 illustrates this, with and , resulting in a nice match between modeled and measured force.
The underlying assumption made by including Coulomb pin friction τ C and unmodeled torque τ um terms in the model is that most of the mechanism's difficult-to-model characteristics can be represented by one or the other. Note that both τ C and τ um do not relate to the dynamic terms of the model directly -they are static terms whose effects have already been observed in previous work [9] .
The physical mechanism built to validate the model possesses these properties in the pin joints and the links. 
Experimental Setup
With the dynamic model developed and static terms determined, the model can now be validated through testing. (19) - (24) to solve for the predicted force F b (t) of a single mechanism. The force expected at the output port of the constant-force spring pair is then twice F b (t). Note that the value of m slider is half the mass of the shared slider.
Constant-Force Test Mechanism
The relevant dimensions, masses (incorporating the masses of the hinges and clamps), and properties of the test mechanism are listed in Table 1 . The variables b, h, and I are the width, thickness, and area moment of inertia of the flexible segment's cross section; E and m f are the modulus of elasticity and mass of the flexible segment.
The test mechanism was designed to exhibit constant-force for a maximum deflection of 4.757 cm (1.873 in). The mechanism's total extended length is 13.007 cm (5.112 in).
The device's nominal constant-force F nom (doubled for the mechanism pair) is the magnitude of the output force for the idealized constant-force mechanism [2] . It can be computed as (24) Where is a nondimensionalized constant-force parameter that relates the link length and spring constant to the output force.
For this configuration Φ has a value of [3] . Differenct configurations have different values for Φ. Figure 9 shows a photograph and schematic of the experimental setup used to validate the constant-force mechanism dynamic model. The setup was designed to allow testing of the mechanism by cycling it at different frequencies. The constant-force test mechanism detailed in the proceeding section fastens to a thick aluminum ground, mounted perpendicular to a large aluminum table. In this manner both ground pins of the test mechanism are fixed with respect to the table. The test mechanism slider is actuated by a small aluminum block free to move across a linear bearing.
Experimental Setup
Bolted in-line between the actuator block and test mechanism, a load cell measures force exerted on the slider.
A linear potentiometer measures mechanism deflection. The potentiometer housing is mounted to the base table, with its positioning rod attached to the actuator block. Since the actuator block, load cell, and slider are bolted together, the potentiometer measures the position x b (t), a measurement of the point where the mechanism meets the slider, located with respect to where the mechanism attaches to ground. Measurement error of the position instrumentation was found to be .
This setup allows for the testing of the constant-force mechanism prototype over a range of frequencies, up to about 85 rad/s (13.5 Hz), above which there is danger of harming the setup equipment and/or the mechanism.
Dynamic and Static Testing
Dynamic tests were performed by setting the motor controller to run at a constant velocity, waiting for the system to reach steady-state, then collecting data at a sampling rate well above the input frequency. The position of the mechanism mount is adjusted so that at maximum expansion the mechanism has a slight preload.
Empirical and Theoretical Findings
Given a position input x b (t), and all physical parameters correctly defined, the dynamic model predicts the force expected at the constant-force mechanism's output port. A side-by-side comparison of modeled vs. measured force shows that the model predicts the dynamic response of the test mechanism quite well.
Modeled vs. Measured Force
Figures 10, 11 and 12 show position and force plots of three dynamic tests of increasing frequency, ω. For each figure, the predicted force cycle is calculated directly from the input sinusoid cycle x b shown in the position plot, using the dynamic model equations (19) - (24) . The measured data is banded by pooled sample standard deviations, ( σ),
representing the 99.74% confidence interval of the measurement.
While the modeled force does not match the measured force point for point, it does predict the average force, the peak-to-peak force difference, and the general shape of the force profile at any given frequency. These are important and useful elements to gather from a dynamic analysis of the system.
Dynamic Characterization of the Model
Although nonlinearities make it impossible to express an exact algebraic transfer function for the system, and no simple magnitude and phase plot can be shown, two useful plots can be analyzed. The median force and peak-to-peak force Figure 13 . Each frequency assumes a sinusoidal position input with amplitude equal to the full 40% designed mechanism deflection (with a slight "predisplacement" to give a preload at full expansion). For good plot resolution, the dynamic model response is calculated at 400 separate and equally spaced frequencies.
The dynamic model represents the constant-force mechanism very well. Over the range of frequencies tested, the modeled force is within about 3% relative error of the measured force.
The heavy solid line represents the force predicted by the dynamic model with all parameters as defined in Table 1 .
The next two lines are purely theoretical and show what happens when the mass of the slider is set to zero, or when the mechanism has no inertia at all (all masses set to zero). Setting all the inertias to zero provides a baseline useful for comparison of the other curves, and setting the end mass to zero shows the dynamic response of the constant-force spring isolated as a separate "module". The fourth and fifth lines in the figure show the effect of multiplying the rigid link mass by four (which represents a possible improvement to the test mechanism, thickening the rigid link to ensure it doesn't flex), and the effect of reducing the end mass by 75%. Lastly, the modeled force with Coulomb friction τ C and unmodeled torque τ um set to zero is given.
Notice that each curve in the peak-to-peak force plot first decreases, then sustains a linear range before it starts to increase (all except for the third curve and last curve). This dip in magnitude difference is demonstrated nicely by Figures 10,   11 and 12. Clearly, the force profile of Figure 11 at rad/s has a lower peak-to-peak force difference than the preceding and following figures at rad/s and rad/s.
This very interesting and unexpected discovery from the peak-to-peak force plot is that there exists a range of frequencies over which a constant-force mechanism exhibits better constant-force behavior than for static loading. The device is designed to have nearly perfect constant force output under ideal static conditions. However, influences such as friction and elasticity of rigid components cause deviation from the constant-force behavior. The data shows that there are frequencies where the dynamic effects compensate for the nonideal characteristics of the mechanism. This range of frequencies coincides with the initial magnitude difference drop and most of the linear portion for each of the cases plotted in Figure 13 . This unexpected finding significantly improves the likelihood that the compliant constant-force mechanism could be viable in ω 42 = ω 4 = ω 94 = dynamic applications. For instance, if a designer were to use the test mechanism in an application and wanted to output as close to constant-force as possible, the mechanism would be designed at a frequency of 30 rad/s (see the heavy solid line of Figure 13 ). This would result in a constant-force mechanism with a median force of and a force variance of , much better than the force variance the device demonstrates statically. Or if a designer wanted to maximize the range of frequencies over which the mechanism exhibits "better-than-static" constant-force, the slider mass could be minimized as much as possible. Figure 13 shows that the smaller the inertia of the slider, the higher the frequency before the force magnitude difference starts to rise.
Depending on what attributes are most desirable -a wide frequency band with moderately low peak-to-peak force, a single frequency with very low peak-to-peak force, or some other similar effect -the constant-force mechanism parameters can be optimized to achieve the desired results.
The peak-to-peak force and median force plots end at 150 rad/s for two reasons: (1) most everything of interest in the two plots occurs below this frequency, and (2) there is an upper limit (not necessarily 150 rad/s) above which the constantforce mechanism starts to yield a negative force (i.e., will start to pull instead of push). This occurs when the force cycle exceeds a frequency where the peak-to-peak force equals twice the median force. For the test device (heavy solid line), this occurs at about 99 rad/s. 40 N 9.0 lb f ( )
In few applications will it be useful to give a constant-force mechanism a displacement input by attaching an actuator or surface directly to the slider; the two will usually be touching, but not rigidly connected. When the force becomes negative, this represents a situation where the slider breaks contact with the actuator or surface, possibly to cause an impact later. Of course these frequencies would be undesirable in most applications and should be avoided. Figure 14 . The five constant-force mechanisms tested. 
Testing of Additional Mechanisms
Dynamic tests from four additional compliant constant-force mechanisms were evaluated. The four additional classes are shown in Figure 14 . Two are of configuration Class 1A-d, the same configuration as the test mechanism described earlier, but with different dimensions. The latter two are of configuration Class 1B-g, whose PRBM is shown in Figure 15 . Figure 16 shows one of the Class 1B-g mechanisms, (a) fully expanded and (b) fully compressed (a deflection of ). The mechanism parameters are listed in Table 2 .
Mechanism Description
Every mechanism tested was designed to exhibit constant-force through a maximum deflection of . 
for the Class 1A mechanisms, and
for the Class 1B mechanisms. The values for average nondimensionalized constant-force Φ for Class 1A and Class 1B constant-force mechanisms, are 0.4773 and 2.1513, respectively [3] .
Test Results
These four mechanisms showed trends similar to the first mechanism. All four of the mechanisms tested have a goodness of fit of modeled to measured force of 83% or better, and most were over 95%. 
Conclusions
Five different mechanisms comprising two configurations of the compliant constant-force mechanism show good agreement between the dynamic model and measured results. This demonstrates that the pseudo-rigid-body model can be used to obtain a viable dynamic model for the compliant constant-force mechanism. In light of the simplicity the PRBM affords, this is a beneficial discovery, and the findings of this work encourage further investigation of using the PRBM for compliant mechanism dynamic analysis.
It was anticipated that the PRBM would approximate mechanism dynamics well, because the model's transformation from compliant mechanism to rigid-link mechanism does not result in a significant redistribution of mass. The PRBM lumps a compliant mechanism's distributed compliance at distinct points, but the changes it makes to the mechanism's distribution of The dynamic model derived for the constant-force compliant mechanism reveals an advantageous dynamic property exhibited by the device, which is also borne out by empirical data. The constant-force mechanism yields better constant-force behavior for certain driving frequencies than it does statically. The ability to manipulate this behavior would be useful to anyone designing compliant constant-force mechanisms. By changing mechanism parameters, a designer can optimize this feature to meet design specifications.
